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classical fixed points and ground states to quantum ground states
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We consider the effective spin Hamiltonian describing a mixture of two species of pseudo-spin- 1
2
Bose gases with interspecies spin exchange. First we analyze the stability of the fixed points of
the corresponding classical dynamics, of which the signature is found in quantum dynamics with
a disentangled initial state. Focusing on the case without an external potential, we find all the
ground states by taking into account quantum fluctuations around the classical ground state in
each parameter regime. The nature of entanglement and its relation with classical bifurcation is
investigated. When the total spins of the two species are unequal, the maximal entanglement at
the parameter point of classical bifurcation is possessed by the excited state corresponding to the
classical fixed point which bifurcates, rather than by the ground state.
PACS numbers: 03.75.Mn, 05.45.Mt
I. INTRODUCTION
A remarkable discovery in recent years is that bifurca-
tion in classical dynamics is related to quantum entangle-
ment in the ground state of the corresponding quantum
Hamiltonian. In addition to its theoretical demonstra-
tion in the Dicke model [1, 2], in a model of two cou-
pled giant spins describing magnetic clusters [3], and in
an integrable dimer model [4], this association has also
been studied in the area of Bose-Einstein condensation
(BEC), including two-component BEC [5, 6] and two-
mode atomic-molecular BEC [7, 8]. More recently, a
classical bifurcation has been observed in an experiment
realizing an internal Josephson effect in a spinor Bose-
Einstein condensate, as an important step toward entan-
glement generation close to critical points [9]. Moreover,
in a laser-cooled atom, experimental evidence has been
observed for entanglement being a quantum signature of
chaos [10].
On the other hand, a novel kind of BEC, the so-called
EBEC, that is, BEC of interspecies spin singlet pairs,
was found to be the ground state of a Bose system com-
posed of two species of pseudo-spin- 12 Bose atoms with
both intraspecies and interspecies spin-exchange interac-
tions in a considerable parameter regime [11–15]. Under
the usual single orbital-mode approximation, the Hamil-
tonian of this system can be transformed into that of
two coupled giant spins. Alas, the ground states in all
parameter regimes have not yet worked out.
In this paper, we make each of the above two lines
of research useful for the other. We focus on the case
in the absence of an external potential. First, we study
the bifurcation of the classical dynamics corresponding
to the Hamiltonian of this Bose mixture, by analyzing
the stability of each fixed point. Quantum dynamics
∗Electronic address: yushi@fudan.edu.cn
displays some features similar to the classical dynamics
if the initial state is a disentangled state, which, how-
ever, is not an energy eigenstate. When the numbers of
the atoms of the two species are equal, a bifurcation of
the fixed points indeed corresponds to a quantum phase
transition to a maximally entangled ground state. When
they are unequal, the quantum state corresponding to
the classical fixed point which bifurcates is also maxi-
mally entangled at the bifurcation point. However, it
is not the ground state. Finally, we analytically obtain
all the quantum ground states by considering quantum
fluctuations around the classical ground state in each pa-
rameter regime. The analytical results fit the numerical
results very well.
The rest of this paper is organized as follows. The
model is introduced in Sec. II. The fixed points and bi-
furcations are studied in Sec. III, with the detailed cal-
culation reported in the Appendix. The classical ground
states are described in Sec. IV, and the classical evolution
is described in Sec. V, whose quantum analog is described
in Sec. VI. Section VII describes the absence of the corre-
spondence between classical bifurcation and maximal en-
tanglement in the case of unequal populations of the two
species. In Sec. VIII, we find the quantum ground state
in each parameter regime by approximating the Hamil-
tonian around the classical ground state there. Finally
the paper is summarized in Sec. IX.
II. THE MODEL
Consider a dilute gas composed of two distinct species
of Bose atoms with the following property [12, 13]. Each
atom has an internal degree of freedom represented as
a pseudospin- 12 , with z-component basis states ↑ and ↓.
Under the usual single orbital-mode approximation, for
each species α(α = a, b) and pseudospin σ(σ =↑, ↓), only
the single-particle orbital ground state φασ(r) is occu-
pied, then the Hamiltonian can be transformed into that
2of two coupled giant spins with spin quantum numbers
Sa = Na/2 and Sb = Nb/2. Here we focus on the uniform
case [14, 15], for which
Hˆ = J⊥(SˆaxSˆbx + SˆaySˆby) + JzSˆazSˆbz (1)
where J⊥ = 4π~2ξe/(mabΩ) while Jz = 4π~2(ξs −
ξd)/(mabΩ), with mab being the reduced mass of an a
atom and a b atom, ξe is the scattering length for the
scattering in which an a atom and a b atom exchange
pseudospins, ξs being the scattering length for the for-
ward scattering in which an a atom and a b atom have
different pseudospins without spin exchange, ξd being the
scattering length for the forward scattering in which an
a atom and a b atom have the same pseudospin with-
out spin exchange, Ω being the volume of the system,
Sˆα = αˆ
†
σsσσ′ αˆσ′ , sσσ′ is the single spin operator, ασ de-
notes the annihilation operator associated with φασ(r) of
species α. Without loss of generality, suppose Sa ≥ Sb.
The corresponding classical Hamiltonian is obtained
from (1) by treating the spin operators as the classical
spin variables,
Hcl = J⊥(SaxSbx + SaySby) + JzSazSbz (2)
= J⊥
√
(S2a − S2az)(S2b − S2bz) cos(ϕa − ϕb)
+JzSazSbz (3)
From the Hamiltonian (1), one obtains the equations
of motion
dSˆαx
dt = J⊥SˆαzSˆβy − JzSˆαySˆβz,
dSˆαy
dt = −J⊥SˆαzSˆβx + JzSˆαxSˆβz,
dSˆαz
dt = J⊥(SˆαySˆβx − SˆαxSˆβy).
(4)
The corresponding classical equations of motion, ob-
tained either from the classical Hamiltonian (2) or from
the quantum equations of motion by replacing the spin
operators as the classical spin variables, can be written
as
dA
dt
= JA, (5)
where A ≡ (Sax, Say, Saz , Sbx, Sby, Sbz)T ,
J ≡


0 −JzSbz J⊥Sby 0 J⊥Saz −JzSay
JzSbz 0 −J⊥Sbx −J⊥Saz 0 JzSax
−J⊥Sby J⊥Sbx 0 J⊥Say −J⊥Sax 0
0 J⊥Sbz −JzSby 0 −JzSaz J⊥Say
−J⊥Sbz 0 JzSbx JzSaz 0 −J⊥Sax
J⊥Sby −J⊥Sbx 0 −J⊥Say J⊥Sax 0

 .
In studying the stability of a fixed point, J becomes the
Jacobian matrix when the spin variables adopt the values
at this fixed point.
The classical Hamiltonian in the form of (3) suggests
that the classical state of the system is completely deter-
mined by the variables Saz, Sbz, and ϕa − ϕb.
We shall use (3) studying the evolution in Sec. V, while
using (2) in analyzing the fixed points in Sec. III, because
there is arbitrariness of angles φa and φb in some fixed
points.
III. FIXED POINTS AND BIFURCATIONS IN
CLASSICAL DYNAMICS
The fixed points of the classical dynamics are obtained
from
dA
dt
= 0. (6)
The stability of each fixed point can be examined first
by studying the eigenvalues of Jacobian matrix J at this
point: It is stable if every eigenvalue has a negative real
part, while it is unstable if any eigenvalue has a positive
real part. Otherwise, one cannot judge whether the fixed
point is stable from the eigenvalues of J , but it is cer-
tainly stable if a Lyapunov function can be constructed.
A Lyapunov function F is such that in a neighborhood
of the fixed point, L is minimal (or maximal) at the fixed
point, and dL/dt ≤ 0(or dL/dt ≥ 0).
There exist eight fixed points in our system. Their
stability is analyzed in the Appendix. The stable pa-
rameter regimes of these fixed points are shown in
Fig.1. We specify the fixed point in terms of direc-
tion nα of the spin vector Sα = Sαnα, that is, nα ≡
(sin θα cosϕα, sin θα sinϕα, cos θα), with 0 ≤ θα ≤ π, 0 ≤
ϕα < 2π, α = a, b.
As shown in FIG. 1, the fixed points and their stable
regimes are the following.
3FIG. 1: (Color online) The stable parameter regimes of
the fixed points on J⊥ − Jz plane. The fixed points are
(1) na = −nb = (0, 0, 1) or na = −nb = (0, 0,−1), (2)
na = −nb = (cosϕ, sinϕ, 0), (3) na = nb = (cosϕ, sinϕ, 0),
(4) na = nb = (0, 0, 1) or na = nb = (0, 0,−1), (5) na = nb,
(6) na = −nb, (7) na = (sin θ cosϕ, sin θ sinϕ, cos θ),
while nb = (sin θ cosϕ, sin θ sinϕ,− cos θ), (8)
na = (sin θ cosϕ, sin θ sinϕ, cos θ), while nb =
(− sin θ cosϕ,− sin θ sinϕ, cos θ). The fixed point (4) is
always stable, which the stable regimes of the other fixed
points are indicated by using the curves with arrows at both
ends.
(1) na = −nb = (0, 0,±1). One spin is the parallel
to the z direction while the other is antiparallel to the z
direction. This fixed point is stable when η1|Jz| > |J⊥|,
where η1 ≡ 12
(√
Sa
Sb
+
√
Sb
Sa
)
.
(2) na = −nb = (cosϕ, sinϕ, 0), where 0 ≤ ϕ < 2π.
The two spins are antiparallel and are both on the x− y
plane. This fixed point is stable if J⊥ > 0 and J⊥ > η2Jz,
or J⊥ < 0 and J⊥ < η2Jz , where η2 ≡ 2SaSbS2a+S2b .
(3) na = nb = (cosϕ, sinϕ, 0). The two spins are par-
allel and are on the x − y plane. This fixed point is
stable when J⊥ > 0 and J⊥ > −η2Jz, or J⊥ < 0 and
J⊥ < −η2Jz.
(4) na = nb = (0, 0,±1). The two spins are both
parallel or antiparallel to the z direction. This fixed point
is always stable.
(5) na = −nb. The two spins are always antiparallel.
This fixed point only exists at J⊥ = Jz and is stable.
(6) na = nb. The two spins are always parallel. This
fixed point only exists at J⊥ = Jz and is stable.
(7) na = (sin θ cosϕ, sin θ sinϕ, cos θ) while nb =
(sin θ cosϕ, sin θ sinϕ,− cos θ). The z components of the
two spins are opposite. This fixed point only exists at
J⊥ = −Jz and is stable.
(8) na = (sin θ cosϕ, sin θ sinϕ, cos θ) while nb =
(− sin θ cosϕ,− sin θ sinϕ, cos θ). The xy components of
the two spins are opposite. This fixed point only exists
at J⊥ = −Jz and is stable.
FIG. 2: (Color online) Classical ground states in different
regimes of parameters J⊥ and Jz. They are just the eight fixed
points, but there are differences in the parameter regimes al-
though there are overlaps. (i) Jz > |J⊥|, the fixed point
(1) ; (ii) J⊥ > |Jz|, the fixed point (2); (iii) J⊥ < −|Jz|,
the fixed point (3); (iv) Jz < −|J⊥|, the fixed point (4);
(v)J⊥ = Jz > 0, the fixed point (5); (vi) J⊥ = Jz < 0,
the fixed point (6); (vii) J⊥ = −Jz > 0, the fixed point (7);
(viii) J⊥ = −Jz < 0, the fixed point (8).
It can be seen that J⊥ = ±η1Jz and J⊥ = ±η2Jz are
bifurcation points.
IV. CLASSICAL GROUND STATES
As depicted in Fig. 2, it can be found that classically
the energy is minimal at fixed point (1) when Jz > |J⊥|;
at fixed point (2) when J⊥ > |Jz|; at fixed point (3) when
J⊥ < −|Jz|; at fixed point (4) when Jz < −|J⊥|; at fixed
point (5) when J⊥ = Jz > 0; at fixed point (6) when
J⊥ = Jz < 0; at fixed point (7) when J⊥ = −Jz > 0; at
fixed point (8) when J⊥ = −Jz < 0.
If Sa = Sb, we have η1 = η2 = 1; therefore the param-
eter regimes of the bifurcation points are completely the
same as those of the classical ground states, respectively.
But if Sa 6= Sb, there are differences although there are
overlap regimes.
V. CLASSICAL EVOLUTION
Because the Hamiltonian conserves Saz+Sbz, we study
the dynamical evolution of Saz−Sbz and (ϕa−ϕb)/2 for
some given values of Saz + Sbz . When Saz = Sa while
Sbz = Sb, or Saz = −Sa while Sbz = −Sb, the system
is at the fixed point (1). When Saz = 0, Sbz = 0 while
(ϕa − ϕb)/2 = π/2, the system is at the fixed point (2).
When Saz = 0, Sbz = 0 while (ϕa − ϕb)/2 = 0 or π, the
system is at the fixed point (3).
We have studied the evolution trajectories near fixed
points (1), (2) and (3) under various values of Sa = Sb.
As shown in Fig. 3, when J⊥/Jz < 1, fixed points (1)
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FIG. 3: (Color online) The evolution trajectories on the plane
of (Saz −Sbz)/Sb and (ϕa −ϕb)/2, for various values of Sa =
Sb. Here η ≡ J⊥/Jz , Saz + Sbz = 0.
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FIG. 4: (Color online) The evolution trajectories on the plane
of (Saz −Sbz)/Sb and (ϕa −ϕb)/2, for various values of Sa =
2Sb. Here η ≡ J⊥/Jz . The solid lines describe the dynamics
for Saz + Sbz = 0 and the dot lines describe the dynamics for
Saz + Sbz = ±(Sa − Sb).
and (3) are stable while fixed point (2) is unstable; when
J⊥/Jz > 1, fixed points (2) and (3) are stable while fixed
point (1) is unstable. This conclusion is reached by con-
sidering that a fixed point is stable if the evolution tra-
jectories are loops around a fixed point, otherwise it is
unstable.
We have also studied the case of Sa 6= Sb. As shown
in Fig. 4 for Sa = 2Sb, the evolution trajectories are
different from the case of Sa = Sb. For J⊥/Jz = 0.9 and
for J⊥/Jz = 1.03, three fixed points are all stable.
Note that all the results of the numerical simulation
are consistent with the above theoretical analysis.
VI. QUANTUM EVOLUTION WITH
DISENTANGLED INITIAL STATE
To simulate a quantum process closest to classical evo-
lution, we choose as the initial state a disentangled state,
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FIG. 5: (Color online) Quantum dynamics of 〈Saz〉/Sa for
Sa = Sb = 300 and various values of η ≡ J⊥/Jz. The figures
on the upper line exhibit the stability of fixed point (1). The
figures on the second line exhibit the stability of fixed point
(2). The unit of t is 1/Jz .
which can always be written as
|ψ〉 = (e−iϕa/2cosθa
2
| ↑〉a + eiϕa/2sinθa
2
| ↓〉a)Na
⊗(e−iϕb/2cosθb
2
| ↑〉b + eiϕb/2sinθb
2
| ↓〉b)Nb
= |Sana〉 ⊗ |Sbnb〉.
(7)
where | ↑〉α denotes the spin state of a single atom of
species α, while |Sαnα〉 represents the state of the to-
tal spin of species α. In this state, the spin compo-
nents of each species are similar to classical spins; that
is, 〈Sˆαx〉 = Sαsinθαcosϕα, 〈Sˆαy〉 = Sαsinθαsinϕα, and
〈Sˆαz〉 = Sαcosθα (α = a, b). Moreover, we choose θα and
ϕα in such a way that 〈Sˆα〉 corresponds to a fixed point
in classical dynamics. For fixed point (1), na = −nb =
(0, 0, 1); thus the initial state is |ψ(1)〉 = | ↑〉⊗Naa | ↓〉⊗Nbb .
For fixed point (2), na = −nb = (cosϕ, sinϕ, 0); thus
the initial state is |ψ(2)〉 = ( 1√2e−iϕ/2| ↑〉a +
1√
2
eiϕ/2| ↓
〉a)⊗Na( −i√2e−iϕ/2| ↑〉b +
i√
2
eiϕ/2| ↓〉b)⊗Nb . This is so be-
cause Sˆαz = Nˆα↑ − Nα2 = Nα2 − Nˆα↓, where Nˆασ is the
number of atoms of species α with spin σ (α = a, b;
σ =↑, ↓).
For each initial state |ψ〉 in the form of (7), we evaluate
〈Sˆαz(t)〉 = 〈ψ|eiHˆtSˆαze−iHˆt|ψ〉, (8)
whose evolution actually represents the change of the dis-
tribution of the atoms of species α in the two pseudospin
states.
We choose the same initial conditions as in the classi-
cal case in last section to start the quantum dynamics.
It is found that the classification of the stability of the
classical dynamics still applies. The result is shown in
Fig. 5 for the case of Sa = Sb, and in Fig. 6 for the case
of Sa = 2Sb.
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FIG. 6: (Color online) Quantum dynamics of 〈Saz〉/Sa for
Sa = 2Sb = 300 and various values of η ≡ J⊥/Jz . The figures
on the upper line exhibit the stability of fixed point (1). The
figures on the second line exhibit the stability of fixed point
(2). The unit of t is 1/Jz .
The reason why quantum dynamics under the disen-
tangled initial state is so close to classical one is the fol-
lowing. In Heisenberg picture, the quantum equations of
motion (4) reduce to the classical ones (5), with 〈Sαi〉,
(i = x, y, z), substituting the corresponding classical spin
variable.
VII. BIFURCATION AND ENTANGLEMENT
The ground state can always be written as
|GSz 〉 =
∑
f(m,Sz)|Sa,m〉a|Sb, Sz − m〉b, where
the interspecies entanglement can be quantified as
−∑m f2(m,Sz)log2Sb+1f2(m,Sz) [12]. It has been
shown that when Sa = Sb = S, the entanglement of the
ground state is maximal at J⊥ = Jz, where the ground
state is (
√
2S + 1)−1
∑S
m=−S(−1)m|S,m〉a|S,−m〉b
[12]. Using the transformation U = eipiSbz , we
can obtain the ground state at J⊥ = −Jz as
(
√
2S + 1)−1
∑S
m=−S |Sa,m〉a|Sb,−m〉b, which is
also maximally entangled.
When Sa = Sb, there is only one bifurcation point at
J⊥ = Jz between the fixed points (1) and (2); there is
also only one bifurcation point at J⊥ = −Jz between the
fixed points (1) and (3). Each of these bifurcation points
corresponds to a maximally entangled quantum ground
state.
However, when Sa 6= Sb, η1 6= η2, there are two bi-
furcation points J⊥ = η1Jz and J⊥ = η2Jz between the
fixed points (1) and (2). Similarly, there are two bifur-
cation points J⊥ = −η1Jz and J⊥ = −η2Jz between the
fixed points (1) and (3).
Numerical calculations indicate that in consistency
with the classical ground states, the total z-component
spin exhibits the following features. When Jz > 0 while
η < 1, Sz = ±(Sa − Sb). When Jz > 0 while η > 1,
Sz = p, with p = 0 if Sa−Sb is an integer while p = ±1/2
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FIG. 7: (Color online) The numerical result of the entangle-
ment entropy of the quantum states of Sz = 0 and Sz =
Sa − Sb, as a function of η . Here Sa = 3Sb, Jz > 0.
if Sa − Sb is a half integer.
Numerical results of the entanglement entropy of the
states with Sz = Sa − Sb and Sz = 0, varying with η,
are shown in Fig.7 for some integer values of Sb and
Sa = 3Sb. For η < 1, the ground state is the one with
Sz = Sa − Sb, whose entanglement values are plotted
as empty triangles. For η > 1, the ground state is the
one with Sz = 0, whose entanglement values are plotted
as filled triangles. Therefore, there is a discontinuity of
entanglement in passing η = 1, where both states are
degenerate ground states.
According to the bifurcation analysis discussed above,
when Sa = 3Sb, the two bifurcation points are η1 =
1
2 (
√
1/3 +
√
3) ≈ 1.1547 and η2 = 0.6. As indicated
in FIG.7, the entanglement entropy of the states with
Sz = 0 and Sz = Sa − Sb is maximal at η1 and η2, re-
spectively, and decreases rapidly in deviating from each
of them, with the decrease more rapid for η larger than
the maximal point.
Therefore, when Sa 6= Sb, the quantum state corre-
sponding to each classical fixed point still possesses max-
imal entanglement at the parameter point where the fixed
point bifurcates. However, this quantum state is not the
quantum ground state. In other words, the entanglement
of the quantum ground state at each bifurcation point is
not maximal anymore.
VIII. ANALYTICAL SOLUTIONS OF THE
QUANTUM GROUND STATES
We now proceed to analytically find out the quan-
tum ground states on all J⊥ − Jz parameter regimes,
by using effective Hamiltonians which describe devia-
tions from the classical ground state in each parameter
regime. All the ground states are summarized in Fig. 8.
Regimes A (Jz > |J⊥|) and B (Jz < −|J⊥|) both cor-
respond to |ξs − ξd| > |ξe|; i.e., the interspecies spin ex-
change scattering is quite weak, with A and B differing
6FIG. 8: (Color online) The quantum ground states in all
the parameter regimes. |Gi〉 (i = A,B,C,D) represent the
ground states in the four bulk regimes, and are given in Secs.
VIIIA to VIIID. (1) to (4) represent the four boundaries, in
which the ground states are described in Sec. VIII E.
in whether the equal-spin forward scattering length is
larger or smaller than the unequal-spin forward scatter-
ing length. Regimes C (J⊥ > |Jz|) and D (J⊥ < −|Jz|)
both correspond to |ξe| > |ξs − ξd|; i.e., the interspecies
spin exchange scattering is quite strong, with C and D
differing in whether the spin-exchange scattering length
is positive or negative.
Regime A (Jz > J⊥) corresponds to ξs− ξd > |ξe|; i.e.,
the interspecies spin exchange scattering is quite weak.
A. Jz > |J⊥|
As shown in Fig. 2, in this parameter regime, the clas-
sical ground state is fixed point (1), i.e., |Sa, Sa〉|Sb,−Sb〉
or |Sa,−Sa〉|Sb, Sb〉.
First we consider the quantum ground state near
|Sa, Sa〉|Sb,−Sb〉. One can make the Holstein-Primarkoff
transformation [16],
Sˆa− = fˆ †a
√
2Sa − fˆ †a fˆa, Sˆa+ =
√
2Sa − fˆ †a fˆafˆa,
Sˆaz = Sa − fˆ †a fˆa,
Sˆb− =
√
2Sb − fˆ †b fˆbfˆb, Sˆb+ = fˆ †b
√
2Sb − fˆ †b fˆb,
Sˆbz = fˆ
†
b fˆb − Sb,
(9)
with Sˆα± ≡ Sˆax±iSˆαy, α = a, b, fˆα and fˆ †α being bosonic
operators satisfying fˆα|nα〉 = √nα|nα − 1〉, fˆ †α|nα〉 =√
nα + 1|nα + 1〉, [fˆα, fˆβ] = 0, [fˆα, fˆ †β] = δαβ , where
|na〉 ≡ |Sa, Sa − na〉a, (10)
|nb〉 ≡ |Sb,−Sb + nb〉b, (11)
nα = 0, 1, 2, · · · , 2Sα. When Sα is very large, 〈fˆ+α fˆα〉 ≪
2Sα, Sˆα− ≈ (2Sa)1/2fˆ †α, SˆazSˆbz ≈ Sbfˆ+a fˆa + Safˆ+b fˆb −
SaSb. Then the Hamiltonian (1) can be approximated as
Hˆ ≈ − JzSaSb + Jz(Sbfˆ †a fˆa + Safˆ †b fˆb)
+ J⊥
√
SaSb(fˆ
†
a fˆ
†
b + fˆbfˆa),
(12)
Then we make the Bogoliubov transformation
fˆc =
√
∆1 + 1
2
fˆa + sgn(J⊥)
√
∆1 − 1
2
fˆ †b ,
fˆd = sgn(J⊥)
√
∆1 − 1
2
fˆ †a +
√
∆1 + 1
2
fˆb,
(13)
where sgn(J⊥) is the sign of J⊥, ∆1 ≡
Jz(Sa+Sb)√
J2z (Sa+Sb)
2−4J2
⊥
SaSb
. When Sa = Sb and Jz = J⊥,
∆1 ± 1 should be 1. Hamiltonian(12) becomes
HˆA = ǫ1cfˆ †c fˆc + ǫ1dfˆ †d fˆd + E10, (14)
where E10 ≡ −JzSaSb + Jz(∆1−1)2 (Sa + Sb) −
|J⊥|
√
(∆21 − 1)SaSb, ǫ1c ≡ Jz(∆1−1)2 Sa + Jz(∆1+1)2 Sb −
|J⊥|
√
(∆21 − 1)SaSb, ǫ1d ≡ Jz(∆1+1)2 Sa + Jz(∆1−1)2 Sb −
|J⊥|
√
(∆21 − 1)SaSb. Thus the energy spectrum is
EA(nc, nd) = ǫ1cnc + ǫ1dnd + E10, where nc and nd are
nonnegative integer numbers. For Jz > |J⊥|, ǫ1c and ǫ1d
are always positive; therefore the ground-state energy is
E1(0, 0) = E10. When Jz → |J⊥|, E0(0, 0) approaches
−Sb(Sa + 1), which is the the exact ground-state energy
at Jz = |J⊥|.
Like the original Hamilton (1), the effective Hamilto-
nian (12) also conserves the z component of the total
spin. Therefore any of its eigenstates can be written as
|ψ1(nc, nd)〉 =
∑
m
g1(nc, nd,m)|Sa,m〉a|Sb, Sz −m〉b,
(15)
where max(−Sa, Sz − Sb) ≤ m ≤ min(Sa, Sz + Sb),
g1(nc, nd,m) is the expansion coefficient, and Sz is the
total z component of the spin system. Using (13) and
considering that |ψ1(nc, nd)〉 is an eigenstate of both fˆ †c fˆc
and fˆ †d fˆd, with eigenvalues nc and nd respectively, we ob-
tain
nc − nd = Sa − Sb − Sz. (16)
For the ground state |ψ1(0, 0)〉, Sz = Sa − Sb.
It is easy to find the ground state |ψ1(0, 0)〉 of (12)
from fˆc|ψ1(0, 0)〉 = 0,
7|ψ1(0, 0)〉 = D
Sa∑
m=Sa−2Sb
[
−sgn(J⊥)
√
∆1 + 1
∆1 − 1
]m
|Sa,m〉a|Sb, Sa − Sb −m〉b, (17)
= D
Sb∑
m=−Sb
[
−sgn(J⊥)
√
∆1 + 1
∆1 − 1
]Sa−Sb−m
|Sa, Sa − Sb −m〉a|Sb,m〉b, (18)
where D ≡ [(∆1+1∆1−1 )Sa−Sb
(∆1+1)
2Sb+1−(∆1−1)2Sb+1
2(∆2
1
−1)Sb ]
−1/2 is
the normalization coefficient. When J⊥ → 0, |GA〉 →
|Sa, Sa〉|Sb,−Sb〉, which is an exact ground state of the
Hamiltonian (1) with J⊥ = 0 and Jz > 0.
The excited states of (12) can be obtained by the action
of fˆ †c and fˆ
†
d on the ground state |ψ1(0, 0)〉. With Sa >
Sb, ǫ1c < ǫ1d, for a given Sz , the lowest excited state
is |ψ1(nc, 0)〉 if Sz < Sa − Sb and is |ψ1(0, nd)〉 if Sz >
Sa − Sb. These two excited states can be written as
|ψ1(nc, 0)〉 = Dc exp(−iζπSˆaz)
nc∑
n=0
Sa−nc∑
m=Sa−2Sb−n
(−1)m+n(
√
∆1 + 1
∆1 − 1)
m+2nCnnc
√
CncSa−m|Sa,m〉a|Sb, Sa−Sb−nc −m〉b,
(19)
|ψ1(0, nd)〉 = Dd exp(−iζπSˆaz)
Sa∑
m=Sa−2Sb+nd
(−
√
∆1 + 1
∆1 − 1)
m
√
CndSa+nd−m|Sa,m〉a|Sb, Sa − Sb + nd −m〉b, (20)
where ζ = 0 if J⊥ > 0 while ζ = 1 if J⊥ < 0; Dc and Dd
are the normalization constants, and Cmn is the binomial
coefficient.
Now we consider the ground state close to the other
classical degenerate ground state |Sa,−Sa〉|Sb, Sb〉, in a
way similar to the above. The Holstein-Primarkoff trans-
formation is
Sˆ′b− = fˆ
′†
b
√
2Sb − fˆ ′†b fˆ ′b, Sˆ′b+ =
√
2Sb − fˆ ′†b fˆ ′bfˆ ′b,
Sˆ′bz = Sb − fˆ ′†b fˆ ′b,
Sˆ′a− =
√
2Sa − fˆ ′†a fˆ ′afˆ ′a, Sˆ′a+ = fˆ ′†a
√
2Sa − fˆ ′†a fˆ ′a,
Sˆ′az = fˆ
′†
a fˆ
′
a − Sa,
(21)
where the bosonic operators f ′a and f
′
b act on
|n′a〉 ≡ |Sa,−Sa + n′a〉a, (22)
|n′b〉 ≡ |Sb, Sb − n′b〉b. (23)
Thus one obtains a Hamiltonian
Hˆ′A ≈ −JzSaSb + Jz(Sbfˆ ′†a fˆ ′a + Safˆ ′†b fˆb)′
+ J⊥
√
SaSb(fˆ
′†
a fˆ
′†
b + fˆ
′
bfˆ
′
a),
= ǫ1cfˆ
′†
c fˆ
′
c + ǫ1dfˆ
′†
d fˆ
′
d + E10,
where
fˆ ′c =
√
∆1 + 1
2
fˆ ′a + sgn(J⊥)
√
∆1 − 1
2
fˆ ′†b ,
fˆ ′d = sgn(J⊥)
√
∆1 − 1
2
fˆ ′†a +
√
∆1 + 1
2
fˆ ′b.
(24)
Therefore the eigenstates can be written as
|ψ′1(n′c, n′d)〉 =
∑
m
g1(n
′
c, n
′
d,m)|Sa,m〉a|Sb, Sz −m〉b,
(25)
with the constraint
n′c − n′d = Sa − Sb + Sz. (26)
For the ground state |ψ′1(0, 0)〉, Sz = Sb − Sa.
8|ψ′1(0, 0)〉 = D′
Sb∑
m=−Sb
[
−sgn(J⊥)
√
∆1 + 1
∆1 − 1
]m
|Sa, Sb − Sa −m〉a|Sb,m〉b, (27)
where D′ ≡ [ (∆1+1)2Sb+1−(∆1−1)2Sb+1
2(∆2
1
−1)Sb ]
−1/2. When J⊥ →
0, |GA〉 → |Sa,−Sa〉|Sb, Sb〉, which is an exact ground
state of the Hamiltonian (1) with J⊥ = 0 and Jz > 0.
The excited states of (24) can be obtained by the action
of fˆ ′†c and fˆ
′†
d on the ground state |ψ′1(0, 0)〉. With Sa >
Sb, ǫ1c < ǫ1d, for a given Sz, the lowest excited state is
|ψ′1(n′c, 0)〉 if Sz > Sb−Sa and is |ψ′1(0, n′d)〉 if Sz < Sb−
Sa. The explicit expressions of |ψ′1(nc, 0)〉 and |ψ′1(0, nd)〉
are like (19) and (20) for |ψ1(nc, 0)〉 and |ψ1(0, nd)〉, with
|Sa,m〉a, |Sb, Sa − Sb − nc −m〉b and |Sb, Sa − Sb + nd −
m〉 replaced as |Sa,−m〉a, |Sb,−Sa + Sb + nc +m〉b and
|Sb,−Sa + Sb − nd +m〉, respectively.
It is important to note that |ψ1(0, 0)〉 and |ψ1(0, 0)〉 are
orthogonal unless Sa = Sb. Therefore, when Sa 6= Sb, the
ground states are doubly degenerate ones |ψ1(0, 0)〉 and
|ψ′1(0, 0)〉 at each parameter point in this regime.
When Sa = Sb, γ ≡ 〈ψ1(0, 0)|ψ′1(0, 0)〉 =
2(2Sb+1)(∆
2
1−1)Sb
(∆1+1)2Sb+1−(∆1−1)2Sb+1 ; hence we must find the ground
state in their two-dimensional subspace. Clearly
〈ψ1(0, 0)|Hˆ|ψ1(0, 0)〉 = 〈ψ′1(0, 0)|Hˆ|ψ′1(0, 0)〉 ≈ E10.
〈ψ1(0, 0)|Hˆ|ψ′1(0, 0)〉 = 〈ψ′1(0, 0)|Hˆ|ψ1(0, 0)〉 ≈ E10γ.
Consequently, the ground state is found to be
|GA(Sa = Sb)〉 = 1√
2
[|ψ1(0, 0)〉+ |ψ′1(0, 0)〉], (28)
with energy E10(1 + γ). The energy of
1√
2
[|ψ1(0, 0)〉 −
|ψ′1(0, 0)〉] is E10(1− γ).
When J⊥ and Jz approach the boundary Jz = −J⊥ >
0 from the regime of |GA〉, |GA〉 approaches eipiSaz |Sa −
Sb,±(Sa−Sb)〉. When J⊥ and Jz approach the boundary
Jz = J⊥ > 0 from the regime of |GA〉, |GA〉 approaches
|Sa − Sb,±(Sa − Sb)〉.
B. Jz < −|J⊥|
In this parameter regime, the classical ground states
are |Sa, Sa〉|Sb, Sb〉, in which the two spins are both along
the z direction, and |Sa,−Sa〉|Sb,−Sb〉, in which the two
spins are both along the −z direction.
Consider the ground state close to |Sa, Sa〉a|Sb, Sb〉b.
We make the Holstein-Primarkoff transformation Sˆα− =
hˆ†α
√
2Sα − hˆ†αhˆα, Sˆα+ =
√
2Sα − hˆ†αhˆαhˆα, Sˆαz = Sα −
hˆ†αhˆα, where hˆα and hˆ
†
α are bosonic operators, now with
|nα〉 ≡ |Sα, Sα − nα〉α, where nα = 0, 1 · · · , 2Sα. When
Sα is very large, 〈hˆ+α hˆα〉 ≪ 2Sα, Sˆα− ≈ (2Sα)1/2hˆ†α,
SˆazSˆbz ≈ SaSb−Sbhˆ+a hˆa−Sahˆ†bhˆb. Then the Hamiltonian
(1) becomes
HˆB =JzSaSb − Jz(Sbhˆ†ahˆa + Sahˆ†bhˆb)
+ J⊥
√
SaSb(hˆ
†
ahˆb + hˆ
†
bhˆa).
(29)
We define another two bosonic operators,
hˆc = −sgn(J⊥)
√
1−∆2
2
hˆa +
√
1 + ∆2
2
hˆb,
hˆd = sgn(J⊥)
√
1 + ∆2
2
hˆa +
√
1−∆2
2
hˆb,
(30)
where ∆2 ≡ Jz(Sa−Sb)√
J2z (Sa−Sb)2+4J2⊥SaSb
. Then the Hamilto-
nian (1) becomes
HˆB = ǫ2chˆ†chˆc + ǫ2dhˆ†dhˆd + E20, (31)
where E20 ≡ JzSaSb, ǫ2c ≡ −[Jz(1+∆2)2 Sa +
Jz(1−∆2)
2 Sb+|J⊥|
√
(1−∆22)SaSb], ǫ2d ≡ −[Jz(1−∆2)2 Sa+
Jz(1+∆2)
2 Sb−|J⊥|
√
(1−∆22)SaSb]. The energy spectrum
is EB(nc, nd) = ǫ2cnc + ǫ2dnd + E20. Thus the ground
state is |Sa, Sa〉|Sb, Sb〉.
The excited state |ψ2(nc, nd)〉 of (29) can be ob-
tained by the action of hˆ†c and hˆ
†
d on the ground state
|Sa, Sa〉|Sb, Sb〉. It is obvious that ǫ2c is always larger
than ǫ2d, for a given Sz, the lowest excited state is
|ψ2(nc, 0)〉, with
nc = Sa + Sb − Sz, (32)
|ψ2(nc, 0)〉 = D2c exp(−iζπSaz)
nc∑
m=max(nc−2Sb,0)
(−
√
1−∆2
1 + ∆2
)m
√
Cmnc |Sa, Sa −m〉a|Sb, Sb − nc +m〉b, (33)
where ζ = 0 if J⊥ > 0 while ζ = 1 if J⊥ < 0, and D2c = [
(1+∆2)
nc (1−∆2)n0−(1+∆2)n0−1(1−∆2)nc+1
2∆2(∆2+1)nc+n0−1
]−1/2,
9where n0 = max(nc − 2Sb, 0).
Using the same method, we obtain the approximate
Hamiltonian Hˆ′B close to the other classical ground state
|Sa,−Sa〉|Sb,−Sb〉, which turns out to be the quantum
ground state. The Holstein-Primarkoff transformation is
now Sˆα+ = hˆ
′†
α
√
2Sα − hˆ′†α hˆ′α, Sˆα− =
√
2Sα − hˆ′†α hˆ′αhˆ′α,
Sˆαz = hˆ
′†
α hˆ
′
α − Sα, where hˆ′α and hˆ′†α are bosonic opera-
tors, with |n′α〉 ≡ |Sα, n′α−Sα〉α. Thus we have Eqs. (29)
to (31) with primed operators. In this set of eigenstates,
the lowest excited states for a given Sz are |ψ′2(n′c, 0)〉,
with
n′c = Sz + Sa + Sb. (34)
|ψ′2(nc, 0)〉 are like (33), with |Sa, Sa−m〉a and |Sb, Sb−
nc+m〉b replaced by |Sa,−Sa+m〉a and |Sb,−Sb+nc−
m〉b.
|ψ2(0, 0)〉 and |ψ′2(0, 0)〉 are orthogonal, hence are just
the doubly degenerate ground states in this regime, and
can be written as
|GB〉 = |Sa + Sb,±(Sa + Sb)〉. (35)
When J⊥ and Jz approach the boundary Jz = J⊥ <
0 from the regime of |GB〉, |GB〉 approaches |Sa +
Sb,±(Sa+Sb)〉. When J⊥ and Jz approach the boundary
J⊥ = −Jz > 0 from the regime of |GB〉, |GB〉 approaches
|Sa + Sb,±(Sa + Sb)〉.
C. J⊥ > |Jz|
In this parameter regime, it is convenient to rewrite
the Hamiltonian as
H = J⊥
√
(S2a − S2az)(S2b − S2bz) cos(ϕa − ϕb) + JzSazSbz ,
(36)
where ϕα (α = a, b) is the azimuthal angle.
In the vicinity of the classical ground state, Saz ∼ 0,
Sbz ∼ 0 , ϕa−ϕb ∼ π, for simplicity we define ϕa−ϕb =
ϕab + π. Therefore
HC ≈ −J⊥
√
SaSb(Sa + 1)(Sb + 1) +
J2⊥ − J2z
4(J⊥ξ+ − Jz)S
2
z
+
J⊥ξ+ − Jz
4
(S2z − J⊥ξ−
J⊥ξ+ − Jz S1z)
2
+ 2J⊥
√
SaSb(Sa + 1)(Sb + 1)(
ϕab
2
)2,
(37)
where S2z ≡ Saz−Sbz, ξ+ ≡ 12 (SaSb+
Sb
Sa
), ξ− ≡ 12 (SaSb−
Sb
Sa
).
Sz commutes withH, and is thus a constant of motion.
Then Pˆ2 ≡ Sˆ2z − J⊥ξ−J⊥ξ+−Jz Sˆz and Xˆ2 ≡ ϕˆab/2 are conju-
gate variables, as Sˆαz and ϕˆα are canonically conjugate
variables. The Hamiltonian is then similar to that of a
harmonic oscillator. The energy spectrum is thus
E3(n, Sz) = −J⊥
√
SaSb(Sa + 1)(Sb + 1)
+
J2⊥ − J2z
4(J⊥ξ+ − Jz)S
2
z
+ (n+
1
2
)
√
2J⊥(J⊥ξ+ − Jz)
√
Sa(Sa + 1)Sb(Sb + 1)
≈ −J⊥
√
SaSb(Sa + 1)(Sb + 1) +
J2⊥ − J2z
4(J⊥ξ+ − Jz)S
2
z
+ (n+
1
2
)
√
2J⊥(J⊥ξ+ − Jz)SaSb,
(38)
where n is the quantum number of the harmonic oscilla-
tor. The eigenstate for n = 0 can be written as
|ψ3(0, Sz)〉 = Z(Sz)
∑
m
f(m,Sz)|Sa,m〉a|Sb, Sz −m〉b, ,
(39)
where f(m,Sz) = (−1)m exp[−
√
J⊥ξ+−Jz
2J⊥SaSb
m(m −
J⊥
Sa
Sb
−Jz
J⊥ξ+−Jz Sz)], with max(−Sa, Sz − Sb) ≤ m ≤
min(Sa, Sz + Sb); Z(Sz) ≡ 1√∑
m
|f(m,Sz)|2
is the normal-
ization coefficient.
The ground state is thus
|GC〉 = |ψ3(0, p)〉 = Z(p)
∑
f(m, p)|Sa,m〉a|Sb, p−m〉b,
(40)
where p = 0 if Sa − Sb is an integer, while p = ±1/2 if
Sa − Sb is a half integer.
For Sa = Sb = S and J⊥ ≫ Jz , we have calculated the
entanglement entropy of |GC〉,
E(|GC〉) = −
∑
[Z(p)f(m, p)]2log2S+1[Z(p)f(m, p)]
2.
(41)
It is evaluated that when S →∞, E(|GC〉) ≈ 1/2, which
is very large.
When J⊥ and Jz approach the boundary Jz = J⊥ > 0
from the regime of |GC〉, it approaches |Sa−Sb, p〉, where
p = 0 if Sa−Sb is an integer while p = ±1/2 if Sa−Sb is
a half integer. When J⊥ and Jz approach the boundary
Jz = −J⊥ < 0 from the regime of |GC〉, it approaches
eipiSaz |Sa + Sb, p〉.
D. J⊥ < −|Jz|
The energy spectrum for J⊥ < 0 can be obtained by
using H(J⊥, Jz) = UH(−J⊥, Jz)U †, where U ≡ eipiSaz .
Therefore, in the regime J⊥ < −|Jz|, the energy spec-
trum is also given by Eq. (38).
The ground state is thus
|GD〉 = U |GC〉
= Z(p)
∑
|f(m, p)||Sa,m〉|Sb, p−m〉,
(42)
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with max(−Sa, Sz − Sb) ≤ m ≤ min(Sa, Sz + Sb).
Obviously the entanglement entropy of |GD〉 is the
same as that of |GC〉, with J⊥ reversing its sign.
When J⊥ and Jz approach the boundary Jz = −J⊥ >
0 from the regime of |GD〉, it approaches eipiSaz |Sa −
Sb, p〉. When J⊥ and Jz approach the boundary Jz =
J⊥ < 0 from the regime of |GD〉, it approaches |Sa +
Sb, p〉.
E. The ground states on the four parameter
boundaries
When Jz = J⊥ > 0, the Hamiltonian (1) is H =
JzSˆa ·Sˆb, the degenerate ground states are |Sa−Sb, Sz〉 =∑
m g(Sa − Sb, Sz,m)|Sa,m〉|Sb, Sz − m〉, with Sz =
Sb−Sa, · · · , Sa−Sb. Here g(Sa−Sb, Sz,m) is the Clebsch-
Gordan coefficient.
When Jz = −J⊥ > 0, the degenerate ground
states are eipiSˆaz |Sa − Sb, Sz〉 =
∑
m(−1)mg(Sa −
Sb, Sz,m)|Sa,m〉|Sb, Sz−m〉, with Sz = Sb−Sa, · · · , Sa−
Sb.
When Jz = J⊥ < 0, the ground states are |Sa +
Sb, Sz〉 =
∑
m g(Sa + Sb, Sz,m)|Sa,m〉|Sb, Sz −m〉, with
Sz = −Sa − Sb, · · · , Sa + Sb.
When Jz = −J⊥ < 0, the ground states are eipiSˆaz |Sa+
Sb, Sz〉 =
∑
m(−1)mg(Sa+Sb, Sz,m)|Sa,m〉|Sb, Sz−m〉,
with Sz = −Sa − Sb, · · · , Sa + Sb.
The boundaries are where quantum phase transition
take place. We have known that the ground states |GA〉,
|GB〉, |GC〉, |GD〉, in the four regimes discussed in pre-
vious subsections, depend on the values of Jz and J⊥.
Starting as a ground state in one of these regimes (see
FIG. 8), when Jz and J⊥ adiabatically approach each
boundary regime, the ground state always approaches
one of the degenerate ground states on the boundary.
In entering the other regime across the boundary, the
ground state restarts from another one of the degenerate
ground states on the boundary.
F. Comparison with the numerical results
As each eigenstate for J⊥ < 0 can be obtained by act-
ing eipiSˆaz on an eigenstate for J⊥ = |J⊥|, we only need
to consider the half of the parameter space with J⊥ ≥ 0.
In this half parameter space, We have calculated the
dependence of the entanglement on 1/η ≡ Jz/J⊥, using
the ground states analytically obtained above in regimes
A, C, and B. We compare these analytical results with
the numerical results. The reason of choosing 1/η rather
than η is because Jz = 0 in the middle of the half pa-
rameter space. In this half parameter space, regime B is
1/η < −1, regime C is −1 < 1/η < −1, while regime A
is 1/η > 1.
Figure 9 shows the the entanglement in the ground
states for different values of Sa = Sb for 1/η > −1. Ne-
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FIG. 9: (Color online) The entanglement entropy of the
ground state as a function of 1/η ≡= Jz/J⊥. The filled
symbols describe the analytical results. The empty symbols
describe the numerical results.
glected is regime B, i.e. 1/η < −1, as the ground state
is exactly |Sa, Sa〉|Sb, Sb〉 or |Sa,−Sa〉|Sb,−Sb〉, without
entanglement. Figure 9 clearly indicates excellent fitting
between the analytical results in this section and the nu-
merical results.
Excellent fitting between our analytical results and the
numerical results are also obtained for excited states. We
have calculated the lowest energy states of different val-
ues of Sz for Sa = 12000 and Sb = 10000. Figure 10
shows the the regime 1/η > −1, i.e., regimes C and A,
while Fig.11 shows the regime 1/η < −1, i.e., regime B.
The reason for this separation is that the low-energy ex-
cited state in regime B is with large magnitudes of Sz,
while those in regimes C and A are with small magni-
tudes of Sz.
In conclusion, our analytical results fit the numerical
results very well.
IX. SUMMARY
In this paper, we considered a binary mixture of two
species of pseudo-spin- 12 atoms with interspecies spin ex-
change in the absence of an external potential, and ex-
tended the study of its ground states to the whole param-
eter space of the two effective spin coupling strengths.
Meanwhile, this provides a model of studying the rela-
tion between the classical model and quantum ground
states.
We first analyzed the corresponding classical Hamilto-
nian. We found the fixed points of the classical dynamics,
and discussed their stability situation both analytically
and numerically. The bifurcations were discussed.
The classical evolution can be reproduced in quantum
dynamics if starting from an initial state which is dis-
entangled between the two species, as we have demon-
strated.
In the case that the atom numbers of the two species
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FIG. 10: (Color online) The entanglement entropy of the
lowest energy excited states for different values of Sz under
Sa = 12000 and Sb = 10000, as a function 1/η = Jz/J⊥. Here
we show the regime η > −1, in which the low-energy excited
states are with small magnitudes of Sz. The filled symbols
describe the analytical results. The empty symbols describe
the numerical results.
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FIG. 11: (Color online) The entanglement entropy of the
quantum states as a function 1/η = J⊥/Jz, for different val-
ues of Sz under Sa = 12000 and Sb = 10000 in regime B
(1/η < −1), where the low energy excited states have large
magnitudes of Sz. The filled symbols describe the analytical
results. The empty symbols describe the numerical results.
are equal, we confirmed in our system the previous claim
that a classical fixed point bifurcation corresponds to
maximal entanglement in the quantum ground state.
Moreover, we find the result that when the two atom
numbers are unequal, the entanglement of the quantum
ground state at the parameter point of the bifurcation is
not maximal, while the state corresponding to the fixed
point that bifurcates indeed possesses maximal entangle-
ment at that parameter point.
A quantum ground state can be regarded as the clas-
sical ground state with quantum fluctuations. This per-
spective leads to solutions of the ground states in all pa-
rameter regimes, by obtaining an effective Hamiltonian
near each classical ground state. Using entanglement en-
tropy as the quantity characterizing the ground states, we
find that the analytical results fit the numerical results
very well. We have made many detailed discussions.
Our work establishes EBEC as a system manifesting
connections between classical dynamics and quantum be-
havior.
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Appendix: Classical fixed points
For our problem, the desired Lyapunov function will
always be found by defining
L = γ1H + γ2Jz(Saz + Sbz)2 (A.1)
where γ1 and γ2 are suitably chosen coefficients. It is
clear that dLdt = 0.
We find the following fixed points speci-
fied by the values of Sα = Sαnα, where
nα ≡ (sin θα cosϕα, sin θα sinϕα, cos θα) , 0 ≤ θα ≤
π, 0 ≤ ϕα < 2π, α = a, b.
(1) na = −nb = (0, 0,±1); that is, one spin is
parallel to the z direction, the other is antiparallel to
the z direction. At these two point the eigenvalues
of J are µ1 = µ2 = 0, µ3,4 = ±
√
ζ3−ζ4
2 , µ5,6 =
±
√
ζ3+ζ4
2 , where ζ3 ≡ 2J2⊥SaSb − J2z (S2a + S2b ), ζ4 =
Jz(Sa−Sb)
√
J2z (Sa + Sb)
2 − 4J2⊥SaSb. If we define η1 =
1
2
(√
Sa
Sb
+
√
Sb
Sa
)
, when η1|Jz | < |J⊥|, there are eigenval-
ues with positive real part, and these two fixed points are
unstable. Otherwise, the stabilization cannot be judged
by the eigenvalues. One finds the Lyapunov function
L = H− Jz4 (Saz +Sbz)2, which is minimal for Jz > 0 (or
maximal for Jz < 0) at each of these two fixed points in
the parameter region η1|Jz| > |J⊥|, where each of these
two fixed points is thus stable.
(2) na = −nb = (cosϕ, sinϕ, 0), where 0 ≤ ϕ < 2π.
The two spins are antiparallel and both are on the x− y
plane. At this point, the eigenvalues of J are µ1 = µ2 =
µ3 = µ4 = 0, µ5,6 = ±
√
2J⊥JzSaSb − J2⊥(S2a + S2b ). If
we define η2 =
2SaSb
S2
b
+S2
b
, when 0 < J⊥ < η2Jz or η2Jz <
J⊥ < 0, some eigenvalues have positive real part, hence
this fixed point is unstable. When J⊥ > η2Jz ≥ 0 or
J⊥ < η2Jz ≤ 0, one finds the Lyapunov function L =
H+γ2Jz(Saz+Sbz)2, which is minimal at the fixed point
as γ2 → ∞. When JzJ⊥ < 0, one finds that L = −H +
γ2Jz(Saz+Sbz)
2 is minimal at the fixed point as γ2 →∞.
12
TABLE I: Stable regimes of the fixed points. η1 ≡
1
2
(√
Sa
Sb
+
√
Sb
Sa
)
, η2 ≡
2SaSb
S2a+S
2
b
.
No. Fixed Points Stable regions
1 na = −nb = (0, 0,±1) η1|Jz| > |J⊥|
2 na = −nb = (cosϕ, sinϕ, 0) J⊥ > 0,J⊥ > η2Jz or J⊥ < 0, J⊥ < η2Jz
3 na = nb = (cosϕ, sinϕ, 0) J⊥ > 0, J⊥ > −η2Jz or J⊥ < 0, J⊥ < −η2Jz
4 na = nb = (0, 0,±1) All
5 na = −nb J⊥ = Jz
6 na = nb J⊥ = Jz
7 na = (sin θ cosϕ, sin θ sinϕ, cos θ), J⊥ = −Jz
nb = (sin θ cosϕ, sin θ sinϕ,− cos θ)
8 na = (sin θ cosϕ, sin θ sinϕ, cos θ), J⊥ = −Jz
nb = (− sin θ cosϕ,− sin θ sinϕ, cos θ)
Thus this fixed point is stable if J⊥ > 0,J⊥ > η2Jz or
J⊥ < 0, J⊥ < η2Jz .
(3) na = nb = (cosϕ, sinϕ, 0); that is, the two spins
are parallel and on the x − y plane. At this point, the
eigenvalues of J are µ1 = µ2 = µ3 = µ4 = 0, µ5,6 =
±
√
−J2⊥(S2a + S2b )− 2J⊥JzSaSb. When −η2Jz < J⊥ <
0 or 0 < J⊥ < −η2Jz , some eigenvalues have positive
real parts, hence the fixed point is unstable. For J⊥Jz >
0, one finds L = −H + γ2Jz(Saz + Sbz)2 is minimal at
the fixed point as γ2 → ∞. For J⊥Jz < 0 one finds
L = H+ γ2Jz(Saz + Sbz)2, which is minimal at the fixed
point as γ2 → ∞. Therefore the fixed point is stable
when J⊥ > 0, J⊥ > −η2Jz or J⊥ < 0, J⊥ < −η2Jz.
(4) na = nb = (0, 0,±1); that is, the two spins
are both parallel or antiparallel to the z direction. At
each of these two fixed points, the eigenvalues of J
are µ1 = µ2 = 0, µ3,4 = ±
√
ζ1−ζ2
2 , µ5,6 = ±
√
ζ1+ζ2
2 ;
here ζ1 ≡ −2J2⊥SaSb − J2z (S2a + S2b ), ζ2 ≡ Jz(Sa +
Sb)
√
J2z (Sa − Sb)2 + 4J2⊥SaSb. The stabilization cannot
be judged by the eigenvalues. But one finds the Lya-
punov function L = −(Saz + Sbz)2, which is minimal at
the fixed point. Hence these two fixed points are always
stable.
(5) In case J⊥ = Jz, the solution na = nb with any
possible is a fixed point; that is, the two spins are always
parallel. The Lyapunov function L = −Sa ·Sb is minimal
here, thus this fixed point is stable.
(6) In case J⊥ = Jz, the solution na = −nb with any
possible is a fixed point; that is, the two spins are al-
ways antiparallel. The Lyapunov function L = Sa · Sb is
minimal here, thus this fixed point is stable.
(7) In case J⊥ = −Jz, na =
(sin θ cosϕ, sin θ sinϕ, cos θ) while nb =
(sin θ cosϕ, sin θ sinϕ,− cos θ) is a fixed point; that
is, the z components of the two spins are opposite.
One finds a Lyapunov function L = −Sa · S′b, where
S
′
b = (Sb sin θ cosϕ, Sb sin θ sinϕ, Sb cos θ), which is
minimal at this fixed point. Thus this fixed point is
stable.
(8) In case J⊥ = −Jz, na =
(sin θ cosϕ, sin θ sinϕ, cos θ) while nb =
(− sin θ cosϕ,− sin θ sinϕ, cos θ) is a fixed point;
that is, the x and y components of the two spins are
opposite. One finds a Lyapunov function L = Sa · S′′b ,
where S′′b = (−Sb sin θ cosϕ,−Sb sin θ sinϕ,−Sb cos θ),
which is minimal at this fixed point. Thus this fixed
point is stable.
All of the fixed points and their stable regimes are
listed in Table I.
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